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A three-step model for calculating the magnetic field generated by coils inside cuboid-shaped shields
like magnetically shielded rooms (MSRs) is presented. The shield is modelled as two parallel plates
of infinite width and one tube of infinite height. We propose an improved mirror method which
considers the effect of the parallel plates of finite thickness. A reaction factor is introduced to describe
the influence of the vertical tube, which is obtained from finite element method (FEM) simulations.
By applying the improved mirror method and then multiplying the result with the reaction factor,
the magnetic flux density within the shielded volume can be determined in a fast computation. The
three-step model is verified both with FEM and measurements of the field of a Helmholtz coil inside
an MSR with a superconducting quantum interference device. The model allows a fast optimization
of shield-coupled coil spacings compared to repetitive time-consuming FEM calculations. As an
example, we optimize the distance between two parallel square coils attached to the MSR walls.
Measurements of a coil prototype of 2.75 m in side length show a magnetic field change of 18 pT
over the central 5 cm at the field strength of 2.7 µT. This obtained relative field change of 6 ppm is a
factor of 5.4 smaller than our previously used Helmholtz coil.
I. INTRODUCTION
Extremely uniform magnetic fields with a high temporal
stability are essential to various precision measurements, such
as electric dipole moment (EDM) measurements1–4 or mag-
netic field detector calibration5–7. For the challenging EDM
measurements a nonzero magnetic field gradient enhances vi-
bration noise seen by magnetometers8,9 and shortens the pos-
sible measurement time for a single experiment, thus deteri-
orating its statistical sensitivity10–12. The final unavoidable
field gradient also causes systematic uncertainties like geo-
metric phase shift13,14, which is the dominant error contribu-
tion to the present neutron EDM upper limit15. More details
about the influence of the magnetic field gradient can be found
in Refs. 16 and 17.
The common method of creating a homogeneous mag-
netic field is to place a coil set into a multi-layer magnetic
shield18–21 which serves to reduce external field perturbations.
A number of classic coil configurations have been proposed
for generating homogeneous magnetic fields in air, such as
the Helmholtz coil or the solenoidal coil22,23. However, the
high permeability shielding material alters the field distribu-
tion and normally worsens the expected uniformity. By op-
timizing the coil spacings, the ferromagnetic shield can in-
crease the strength and also the uniformity of the magnetic
field produced by coils compared to the same setup placed in
an unshielded environment18,21,24–26. The result of spacing
optimizations depends on the accuracy of the field calculation
including the distortion caused by the shielding material. To
date the field generated by coils inside a non-spherical mag-
netic shield can be solved analytically only for some ideal
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situations, such as assuming an infinite length or an infinite
permeability of the shield21,24,25. The real shield is often of a
cuboid shape with no known analytical solution.
For realistic setups, the finite element method (FEM) al-
lows to calculate the magnetic field distribution, but the cal-
culation time required for an accurate description is still quite
long for present computers, due to a large length-to-thickness
ratio of the shielding material. Sweeping the coil parameters
in FEM models to find an optimal solution takes even longer.
For this reason, it is expedient to use a reasonable and suffi-
ciently accurate simplification of the field calculation in order
to optimize coil spacings in an efficient way.
For a coil in front of an infinitely large and infinitely thick
shielding plate, an accepted treatment is substituting the plate
by an imaginary coil on the opposite side of the plate as a re-
flection of the original coil, known as the method of mirror
images27,28. Pan et al. applied the standard images method
to optimize square coils enclosed in a magnetically shielded
room (MSR)29. For the case where the thickness of the plates
is several mm, the current of the imaginary coil is, however,
influenced by the geometry of the setup as well as the posi-
tion of the observation point, which is not considered in the
method of mirror images. The reduced image current due to
the finite width of the ferromagnetic plate has been accounted
for in the calculation of several specific cases via FEM30. The
accuracy was significantly improved, but the effects of the fi-
nite thickness were still neglected.
In this paper, we propose a three-step model to calculate the
magnetic field generated by coils inside a cuboid-shaped mag-
netic shield, which is suitable for rapid optimizations of the
coil spacings. The proposed three-step model is verified with
a complete FEM calculation and a measurement of a 1.6-m-
diameter Helmholtz coil placed inside the Berlin Magnetically
Shielded Room 2 (BMSR-2)31. Furthermore, the model is ap-
plied to optimize the distance between two square coils at-
tached to the walls of BMSR-2 with respect to the field homo-
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2geneity in the central area of the MSR. The three-step model
turns out to be 10 times faster than the pure FEM optimiza-
tion and delivers exactly the same optimal distance. For the
newly designed coil pair prototype of 2.75 m in side length
with the calculated optimal distance, the measured maximal
relative magnetic field change in a 5 cm region around the lo-
cal extremum near the center of the coil is 6 ppm, which is an
improvement by a factor of 5.4 compared to the value of our
previously used Helmholtz coil.
II. THREE-STEP MODEL DESCRIPTION
It is assumed that the windings of the coil set are restricted
to parallel planes, e.g. Helmholtz coils or Braunbek coils32,33.
The six faces of a cubic shield as in Fig. 1(a) are divided
into two parts, two horizontal plates parallel to the coil plane
and a vertical tube comprising all side walls, as illustrated in
Fig. 1(b) and Fig. 1(c).
According to the images method, the two horizontal plates
of high permeability are treated as mirrors and create multiple
mirror images of the coil and also of the vertical tube, thereby
extending the tube to a square tube of infinite length as shown
in Fig. 1(d). In our model we assume that the mirror tubes
have the same permeability as the original tube, and that the
effect of the horizontal plates and of the vertical tube on the
field distribution can be considered separately. Therefore, the
field generated by a coil inside an MSR of finite thickness and
finite permeability can be determined in three steps:
Step 1: Calculate the magnetic flux density Bair, generated
by the coil in air, with the Biot-Savart law.
Step 2: Calculate the coordinate ri and the current ratio τ∗i
of the ith mirror coil, which is introduced to replace the effect
of the two parallel plates.
Step 3: Calculate the reaction factor curve ηk in dependence
of the position with an FEM simulation once, which is intro-
duced to describe the effect of the surrounding vertical tube in
relation to the coil in air.
We choose a coordinate system with the origin in the center
of the magnetic shield, and the position of the original loop is
denoted as r0 = (x0,y0,z0). The final expression for the k =
...
x
y
z
(a)
(b) (c) (d)
...
FIG. 1. Development of a mirror model for a cubical shield (a)
Schematic view of a coil in a cubic magnetic shield. (b) Coil be-
tween infinite parallel plates. (c) Coil in a rectangular tube. (d)
Multi-reflection of the coil and the vertical plates.
x, y or z component of the magnetic flux density at a position
r= (x,y,z) inside the enclosure given by the three-step model
is
BMSRk (r) =
∞
∑
i=−∞
Bairk
(
r′i
) · τ∗k,i(x,y,z) ·ηk (r′i) , (1)
where r′i = r−ri. The sign of i indicates the location of the
mirror coil, i.e., positive and negative mean above and below
the original coil. The sum in Eq. (1) is over the original coil
(i = 0) and all mirror coils. Without loss of generality, in the
later analysis we focus on the z component of the magnetic
field since the considered coil is positioned in the xy-plane
and thus Bz is the most important component regarding field
uniformity. The other components can be derived accordingly.
For convenience, we also let the axis of the coil be colinear
with the z axis, leading x0 = y0 = 0.
The principle of the three-step model can be applied to a
coil with any shape in one plane. Here, the two most fre-
quently used coil shapes, a circular coil and a square coil, are
used as examples to illustrate our model.
III. STEP 1: COILS IN AIR
The magnetic flux density Bz created by a circular coil
loop carrying a current I in air at the observation point
r(x,y,z) with x2 + y2 < a2 is
Bairz =
µ0aI
2
∫ +∞
0
ζJ1(ζa)J0(ζ
√
x2 + y2)e−|ζ (z−z0)|dζ , (2)
where µ0 is the permeability of the vacuum, a is the radius of
the coil, z0 is the z coordinate of the coil plane and J0(1) is the
zeroth (first) order Bessel function of the first kind34. Here we
use the solution with Bessel functions instead of the more fa-
miliar equivalent expression involving elliptic integrals35. We
need this solution for the comparison done in section IV B.
A square coil located in the plane z = z0 is composed out
of four identical current segments of equal length Lcoil. The
center of the jth wire segment is denoted as S j(x j,y j,z0). For
the segment with a current in x direction, the magnetic flux
density is solved according to the Biot-Savart law as36
B jz =
µ0I j(y−y j)
4piρ2
(
(x−x j)−lc√
(x−x j−lc)2+ρ2
− (x−x j)+lc√
(x−x j+lc)2+ρ2
)
,
j = 1,3,
(3)
where ρ2 = (y−y j)2+(z−z0)2 , lc = Lcoil/2 and I1 =−I3 = I.
The x coordinate and y coordinate in Eq. (3) have to be inter-
changed for segments carrying current in y direction, leading
to
B jz =
µ0I j(x−x j)
4piρ2
(
(y−y j)−lc√
(y−y j−lc)2+ρ2
− (y−y j)+lc√
(y−y j+lc)2+ρ2
)
,
j = 2,4,
(4)
where ρ2 = (x− x j)2 + (z− z0)2 , I2 = −I4 = I. The total
magnetic field generated by a square coil is the sum of the
contributions of all four wire segments
Bairz =
4
∑
j=1
B jz . (5)
3IV. STEP 2: COILS BETWEEN TWO INFINITE PLATES
In step 2, the impact of the two parallel plates on the field
distribution is analyzed. It is necessary to obtain the z coordi-
nate zi and current ratio τ∗i of the ith mirror coil generated by
the two parallel plates.
A. Classical mirror model for parallel plates
The classical idea of mirror images for a wire in front of one
permeable plate is shown in Fig. 2(a). The effect of the high-
permeability plate on magnetic fields can be substituted by the
effect of a mirror wire at the same distance to the plate surface
as the original wire but on the opposite side. If the thickness
∆ of the plate is large enough, the value of the mirror current
Im can be written as27
Im =
µr−1
µr +1
I0, (6)
where µr is the relative permeability of the plate, and I0 is the
source current. The magnetic fieldBa on the upper side of the
plate in Fig. 2(a) is the sum of B0, the field generated by the
source current I0 , and Bm, generated by the mirror current
Im.
Mimicking the transportation of light in two opposite mir-
rors, a wire in between two parallel plates that are treated as
mirrors will be repetitively reflected, thus generating multiple
mirror wires29,30. The ith mirror wire is labelled as Ii. The
absolute value |i| is the number of reflections needed to create
this mirror wire. One of the two reflection roads starting from
the original wire can be described as: I0 → I−1 → I2 → I−3,
. . . , and is illustrated in Fig. 2(b). The second road, not shown,
combines the other reflections. The current Ii for the ith mirror
wire is
Ii =
(
µr−1
µr +1
)|i|
I0, (7)
and the z coordinate of the ith mirror wire is
zi = (−1)i ∗ z0 + i∗L. (8)
where z0 is the z coordinate of the original wire and L denotes
the distance between the two plates. Herein, the origin of the
z coordinate is in the middle of the two plates. Eqs. (7) and
(8) are independent of the shape of the original current path
and thus are valid for circular coils, too. The total field is
the sum of the contributions from the original wire and all the
mirror wires. In general, the multiple mirror method provides
an intuitive and easy-to-calculate solution to the considered
problem. However, the accuracy of this model is only guaran-
teed for infinitely thick plates. For a finite-thickness plate, the
value of the mirror current is reduced compared to Eq. (6).
B. Analytical calculation of the mirror current ratio for
plates of finite thickness
To calculate the magnetic field of coils inside a practical
MSR, the assumption of an infinite thickness of the shield-
ing material is hard to justify. The material is only a few
mm thick. Together with realistic values of µr of 15000 –
30000 (the effective µr for BMSR-2 is 1750031) the influence
of the finite thickness on the field could reach several percent.
Therefore, our model includes the influence of the finite thick-
ness.
In multiple mirror models the parallel plates are treated se-
quentially and each time only one plate is considered as a mir-
ror. Therefore, the analysis with a single plate is applicable to
obtain the current value Ii for all mirror wires.
Consider a coil loop of radius a and current I0 located at
z0 = 0 in the xy-plane. A plate of thickness ∆ is located at z =
−h. We choose a Cartesian coordinate system whose origin is
placed in the center of the loop. The solution for the magnetic
flux density in the region z >−h and x2 +y2 < a2 is solved in
Source current I0
Mirror current Im
High-μ Plate
Observation point
0B
mB
h
aB
x
z
h
Δ
（a)
z0
L/2
Source current
I-1
I1Mirror currents
I-2
I2
I-3
...
...
In
...
...
I0
z
0
-L/2
（b)
FIG. 2. (a) Classical mirror model for a current I0 in front of a single
high-µ plate of thickness ∆. h is the distance from the current to the
plate. The magnetic fieldBa on the upper side of the plate is the sum
of B0, the field generated by the source current, and Bm, generated
by the mirror current. (b) The extended case with two opposite par-
allel plates leading to multiple reflections. L is the distance between
the two plates and z0 is the z coordinate of the original current. The
ith mirror current is denoted as Ii.
4Ref. 34 as
Bz =
µ0aI0
2
∫ +∞
0
ζJ1(ζa)J0(ζ
√
x2 + y2)e−ζ zdζ
+
µ0aI0
2
∫ +∞
0
T (ζ )ζJ1(ζa)J0(ζ
√
x2 + y2)e−ζ |z+2h|dζ
=Bairz +B
plate
z ,
(9)
with
T (ζ ) =
(
1−µ2r
)(
1− e2ζ∆
)
(1+µr)2 e2ζ∆− (1−µr)2
. (10)
The first term Bairz in Eq. (9) is the field generated by the loop
in air (see Eq. (2)) so that the second term is the impact of the
permeable plate, noted as Bplatez . To interpret the effect of the
plate with the mirror method, we have to give Bplatez the form
τBair,zmz , which can be obtained by
Bplatez =
Bplatez
Bair,zmz
Bair,zmz = τB
air,zm
z . (11)
where Bair,zmz is the field generated by an imaginary air coil of
the same radius a and current I0 as the original coil, but located
at zm = −2h (the mirror position of the original coil). τ is a
proportionality factor. Substituting Bplatez and Bairz (Eq. (9))
into Eq. (11), one obtains
τ =
Bplatez
Bair,zmz
=
∫ +∞
0 T (ζ )ζJ1(ζa)J0(ζ
√
x2 + y2)e−ζ |z−zm|dζ∫ +∞
0 ζJ1(ζa)J0(ζ
√
x2 + y2)e−ζ |z−zm|dζ
.
(12)
τ is independent of the source current I0 and it can also be
interpreted as the current ratio of the mirror loop to the orig-
inal loop. It can be deduced from Eq. (12) that τ < 1, which
means that the mirror current value is always smaller than the
source current. In the limit ∆→ ∞, T defined in Eq. (10) re-
duces to T = (µr− 1)/(µr + 1), which is independent of the
integral variable ζ . Inserting this term into the definition of τ
in Eq. (12), one finds that τ = T = (µr− 1)/(µr + 1), which
is identical to the constant mirror current ratio defined in the
classical images method (see Eq. (6)).
After the transformation in Eq. (11), the magnetic field can
be written as Bz = Bairz + τB
air,zm
z , which is an alternative to
the analytic expression in Eq. (9). The analytical expression
for the magnetic field generated by a coil in front of a plate
does not exist for most of coil geometries, such as the square
coil loop. In this case, the mirror method can still be applied
as an approximate solution via taking the current ratio τ of a
circular loop as that of other coil geometry. Fig. 3 shows τ
as a function of an observation point on the z-axis and the y-
axis. For a plate of µr = 20000 and ∆= 2 mm, τ is about 5%
smaller than the ratio in the classical mirror method, which is
0.9999. It was found via FEM simulations that τ changes by
less than 1% if the square loop of side length Lcoil = 1 m is
approximated by an internal tangent circular loop (a = 0.5 m)
or external tangent circular loop (a = 0.707 m). For the
further calculation, we always choose the average of these
two radii as the radius for an equivalent circular loop, that
is requ = Lcoil(1+
√
2)/4 substituting a in Eq. (12).
The current ratio defined in Eq. (12) for a plate of finite
thickness can be also applied to the multiple mirror method,
which is used to model a coil in between two parallel plates.
For the ith mirror loops, which are created by reflecting the
original loop |i| times, the overall current ratios are the suc-
cessive product of |i| independent current ratios as
τ∗i (x,y,z) =

|i|
∏
n=1
τn(−1)i+n(x,y,z) i > 0,
|i|
∏
n=1
τn(−1)i+n−1(x,y,z) i < 0,
(13)
where the z coordinate of the nth mirror loop zn is given in
Eq. (8) and τi is the current ratio for a coil located at zi in
front of a single plate, as defined in Eq. (12). Compared to
the classical mirror current ratio in Eq. (7), τ∗i takes the finite-
thickness of plates into consideration, thus named as finite-
thickness current ratio.The magnetic flux density at the obser-
vation point (x,y,z) between the two parallel plates consider-
ing 2M mirror loops is
Bz =
M
∑
i=−M
τ∗i (x,y,z)B
air
z (x,y,z− zi) , (14)
where i = 0 for the original loop and τ∗0 = 1. For a mirror loop
with an increasing order i the current ratio τ∗i decreases while
the distance to the observation point |z− zi| increases, making
its contributions to the total magnetic field in Eq. (14) decrease
rapidly. For a certain accuracy, this infinite sum can be trun-
cated and the resulting numerical error will be discussed in
section VI.
V. STEP 3: COILS INSIDE A VERTICAL TUBE
The effect of the high-permeability infinite tube is quanti-
tatively characterized by a reaction factor η , which is a func-
tion of the observer position (x,y,z) inside the tube and can be
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FIG. 3. The finite-thickness mirror current ratio of a circular loop
of radius a placed in the xy-plane with the center at the origin of the
coordinate system as a function of the observation position along the
z-axis (lines) and y-axis (dashed lines). The loop is in front of a plate
of µr = 2×104 and ∆ = 2 mm, and located at z = -1 m.
5written as
η(x,y,z) = Bs(x,y,z)/Bair(x,y,z), (15)
where Bs and Bair are the z component of the magnetic flux
density generated by the coil with the tube and without the
tube (in air). η > 1 means the magnetic field strength is
augmented by the high-permeability tube at the observation
point. The definition of η is independent from the loca-
tion of the coil. Due to the difficulties in analytically deter-
mining Bs, we applied FEM simulations in COMSOL v5.4
to obtain η . In the FEM model, the height of the tube is
set 10 times larger than its width to approximate the infinite
length. The shielding tube is modelled as a surface assigned
with the magnetic shielding boundary condition with a cer-
tain thickness ∆. The usage of this boundary condition avoids
the meshing in the direction of the thickness of the material
which is a problem due to the large length-to-thickness ra-
tio. By assuming a coil located in the xy-plane at the posi-
tion z0=0, η can be calculated faster using the symmetries
(η(x,y,z0) = η(−x,y,z0) = η(x,−y,z0) = η(x,y,−z0)) with
a one-eighth model in COMSOL as described in Ref. 37. For
a coil located at any other z0 position, η can be obtained with
a coordinate transformation.
The FEM result for a square coil in the xy-plane at z0 =
0 with 2.75 m side length inside a high-µ rectangular tube
of 3.2 m side length is plotted in Fig. 4 as a function of the
observer position. The left axis shows Bair and Bs while the
right axis shows η . The same current produces a larger field
in the coil center when the coil is inside a shield ( η > 1),
as expected due to the reduction of the magnetic resonance.
For z > 2 m, η becomes less than 1 because the surrounding
high-permeability tube attracts most of the flux lines, leading
to a strong decrease between 2 m and 6 m. For z > 6 m, η is
already less than 0.1.
Once η is calculated by FEM for enough sample points,
η can be interpolated to any observation point without using
FEM again. Since the tube is infinitely long, any coil of the
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FIG. 4. Magnetic field density and reaction factor η of a square
coil located in the xy-plane at z0 = 0, carrying a current of I = 2 A
inside a high-µ rectangular tube, along the z-axis (x=y=0) under the
conditions of µr = 3× 104 and ∆ = 4 mm. The side length of the
square coil is 2.75 m and that of the rectangular tube is 3.2 m.
STEP 1: in air
STEP 2: in between two plates
STEP 3: in an MSR
FEM
Classical mirror method
Step 1 Step 2 FEM
x
yz
Step 3
FIG. 5. Illustration of the three-step model for two square coils inside
an MSR under the conditions: µr = 3×104, ∆ = 4 mm, LMSR = 3.2 m,
Lcoil = 2.75 m, dcoil = 0.5445Lcoil and I = 4 A. The solid lines are
the results after each step of the three-step model. The crosses are
the FEM results and the dot-dashed curve is the result of three-step
model using classical mirror current ratios. Inset: Schematic view of
the setup for each step and the FEM calculation.
same shape in the xy-plane obeys the same η behavior when
the parameter z of the η curve is replaced by relative distance
z′, the distance between z of the observation point and the z
coordinate of the coil center. This means that for calculat-
ing the field from the original coil and the mirror coils, we
only need to calculate η once by FEM. This is also true for
a coil set with identical windings on different z planes, like a
Helmholtz coil. For different coil shapes the η curve must be
recalculated.
Multiplying the magnetic field generated by each coil in
Eq. (14) with the corresponding reaction factor η yields the
final expression for the magnetic flux density Bz within the
shielded volume observed at (x,y,z)
BMSRz =
∞
∑
i=−∞
Bairz
(
x,y,z′i
) · τ∗i (x,y,z) ·η (x,y,z′i) , (16)
where z′i = z− zi . Note that the expression for the reaction
factor η and the current ratio τ∗i are given here only for the
Bz component. For the Bx and By components, they must be
calculated accordingly.
VI. VERIFICATION
A. Comparison to FEM calculations
Here we demonstrate the three-step model for the case of
two square coil loops of side length Lcoil = 2.75 m enclosed
in a cubic single-layer MSR of side length LMSR = 3.2 m, a
thickness ∆ = 4 mm and a constant µr = 30000. The square
coils are in the xy-plane, as illustrated in the inset of Fig. 5.
The distance between the two coils is set as dcoil = 0.5445Lcoil
to compose a square Helmholtz coil in air38.
Fig. 5 shows Bz for the single steps of the three-step model
and the result for the respective FEM calculation in depen-
60 1 -2 3 -4 5 -6
Mirror order i
10-6
10-4
10-2
100
B z
,i(0
)/B
z,
0(0
)
In between two plates
In an MSR
FIG. 6. The ratio of the magnetic field at the origin (z = 0) generated
by mirror loops to the field generated by the original two coils in an
MSR (i = 0). As a comparison, the ratio for coils in between two
plates is plotted. Parameters for the coils and the MSR are the same
as used in Fig. 5.
dence of the z-coordinate, i.e. moving along the coil central
axis, where the magnetic field Bz of the coil has the strongest
change. The infinite sum over all contributing images in
Eq. (16) was truncated at i = 5, i.e. we stopped after the fifth
mirror image on both sides. The red curve in Fig. 6 shows
that the contribution of the next term (i = 6) for this coil ar-
rangement is already less than 0.05% for z = 0 m. We checked
that even for z up to 0.3 m, the difference to the z = 0 curve
is less than 5%. The FEM calculation (done with COMSOL
v5.4) is regarded as the benchmark, even though it has a finite
uncertainty because it is a mathematical approximation which
depends on the chosen boundary condition and the mesh size.
Using optimized configurations, the uncertainty is expected to
be < 0.1%.
Step 1 is the exact solution of the coil in air (Eq. (5)), which
underestimates the field inside the shield by 33.2%. Adding
the influence of the two walls parallel to the coils as infi-
nite plates with finite thickness leads to a field 1.2% below
the FEM result. The complete three-step model follows well
the increasing FEM trend for larger z values and underesti-
mates the magnetic field by only about 0.1%, which is already
close to the expected uncertainty of the FEM used as bench-
mark. To demonstrate the influence of introducing the finite-
thickness current ratio (Eq. (13)) instead of classical current
ratios (Eq. (7)) in step 2, we also calculated this case, marked
with classical mirror method in Fig. 5. The assumption of
an infinite thickness leads to an expected field overestimation.
The difference of 0.3% to the FEM benchmark is small for
this case but increases significantly when ∆ or µr are smaller.
For example, for the same setup with µr = 10000 and 2000,
the differences are 1.0% and 6.1%.
The final deviation of the three-step model is a sum of var-
ious effects. Effects leading to an overestimation are: infi-
nite width assumption for the parallel plates, infinite height
assumption for the side tube and neglected coupling between
the parallel plates and the side tube. In contrast truncation
TABLE I. The relative error of the field derived from the three-step
model compared to the FEM results at the origin with varied param-
eters values. The setup is the same as in Fig. 5 with default values
µr = 30000, dcoil = 1.5 m and LMSR = 3.2 m. In each column, only
one parameter value is altered and the others are left at their default
value. Since we would like the coils to be attached to inside walls
of the shield, the length of the coil is changed when the length of the
MSR is changed according to Lcoil = 0.86LMSR.
µr Error dcoil (m) Error LMSR (m) Error
1 -0.04% 0.5 -0.05% 2 -0.04%
50 0.94% 1 -0.07% 2.4 -0.06%
2000 1.28% 1.5 -0.10% 2.8 -0.07%
10000 0.01% 2 -0.15% 3.2 -0.10%
30000 -0.10% 2.5 -0.27% 3.6 -0.10%
INF 0.00% 3 -0.32% 4 -0.11%
of the sum over all contributions leads to an underestimation.
The use of a circular coil as an approximation for the square
coil to calculate τ∗ and the error of the reaction factor η de-
rived via FEM simulations may lead to a positive or a negative
error depending on the given geometry. The relative error of
the three-step model compared to the FEM results over wide
ranges of parameter values for the same setup as in Fig. 5 is
calculated and summarized in Table I. The error never exceeds
1.28% for all considered cases. µr has the greatest influence,
but for a realistic value of µr = 30000 (permalloy) the error is
less than 0.32% if only the coil distance dcoil or the length of
the MSR LMSR is varied. The maximal influence was found
for µr = 2000 which is a suitable value for ferrites.
B. Comparison to magnetic field measurements
A measurement to further validate the three-step model was
conducted. A movable circular 3-axes Helmholtz coil was
used to generate a uniform magnetic field inside BMSR-2.
BMSR-2 has a passive shielding factor greater than 7× 105
at 0.01 Hz and an effective relative permeability of 1750031.
The innermost 4-mm permalloy layer surrounds a volume of
3.2×3.2×3.216 m3. For the three-step model and FEM cal-
culations we included only the innermost shielding layer and
neglected all others because the field enhancing effect should
be dominated by the innermost layer. Due to this assump-
tion and in order to take care of the additional field increase
caused by the remanence of the shielding material, which is
not included in the model, we set µr = 30000.
The Helmholtz coil used was oriented along the y-axis of
BMSR-2 and has a diameter of 1.6 m. The setup is shown in
Fig. 7(a) and (b). The coil was powered by a low-noise cur-
rent source from Magnicon39. The current was measured to
be 38.6 mA for each coil with 60 turns in series, generating
a 2.6 µT magnetic field in the center measured in a previous
nuclear magnetic resonance experiment using 3He spin po-
larizations. The magnetic flux densities were measured with
a 304-channel vector Superconducting Quantum Interference
Device (SQUID) system, mounted in a two-axis ball-bearing
slideway. The overall absolute positioning error of the SQUID
system is±1 cm. The possible movement range of the SQUID
system along the y axis inside the 3-axes Helmholtz coil is
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FIG. 7. Experimental setup in BMSR-2. (a) Schematic drawing. (b) 3-axes Helmholtz coil with the 304-channel SQUID system inside.The
y-axis coil used here is marked by a red dashed line. The other coil axes acted as a supporting frame. (c) One coil of the square coil pair
prototype attached to the inside walls of BMSR-2.
from -4 cm to 5 cm. The position of the SQUIDs was moved
in steps of 1.0 ± 0.1 cm. The SQUID’s position was locked
by a pneumatic brake after each movement. In each position,
we measured the magnetic field for 10 seconds to average the
noise. Although there are numerous available SQUID chan-
nels at different locations, we only used the SQUID channel
with the minimum distance to the coil center. In our case, y7
was used.
In the beginning of the field measurements, the y7 SQUID
sensor was aligned with the coils axis (y-axis) by tilting and
rotating the SQUID system to detect the maximum field sig-
nal. The remanent field of BMSR-2 in the nT range was mea-
sured after degaussing without the coil field and subtracted in
data post-processing. Since the DC offset of the SQUID sys-
tem is unknown, only the change of the magnetic field is plot-
ted in Fig. 8. The change of the created magnetic field from
the field minimum (at -0.4 cm) to a position 5 cm further (at
4.6 cm) is around 98 pT, corresponding to a relative change
of 38 ppm. The calculated field change of this Helmholtz
coil in air is more uniform, shown as a grey dotted line in
Fig. 8. This demonstrates how the surrounding high perme-
ability walls distort the magnetic field. The results calculated
with the three-step model and with the FEM are in acceptable
agreement with the measured values. The slight difference
may result from the uncertainty of the position of the SQUID
chip, and the fact that µr is not a constant40 as was assumed
both for FEM calculations and for the three-step model. Nev-
ertheless, both models successfully predict the maximum of
the field at y = 6 cm caused by the coupling to the shielding
material. The reason for the This convinced us that the three-
step model could be used for the design and optimization of
shield-coupled coils. A successful practical example is pre-
sented in the next section.
VII. APPLICATIONS
Some of the authors have been using BMSR-2 within a col-
laboration to measure the 129Xe EDM using the free spin pre-
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FIG. 8. The change of the magnetic field generated by a circular
Helmholtz coil of 1.6 m in diameter in BMSR-2 measured with the
SQUID y7, whose coordinates are z = 2 cm, y = 1.6 cm, x = -2 cm.
This field was calculated with the three-step model (blue line) as well
as the FEM simulation (yellow dashed line). The field generated by
this Helmholtz coil in air was also calculated (grey dotted line). The
red stars denote the measured values.
cession of Xe gas41. This experiment has stringent require-
ments on the uniformity of the magnetic field in the region
of the sample cell with a size of about 5 cm × 5 cm × 5 cm.
According to the requirement of the EDM experiment, we de-
fined the magnetic field uniformity in the region of interest as
U =
By(y)
σ (By(y))
, (17)
where By(y) and σ (By(y)) are the average value and the stan-
dard deviation of the magnetic field series By(y). Here we
used a range for y from 0 (coil center) to 5 cm in steps of 1
8cm, meaning 6 points in By(y). U is a unitless quantity inde-
pendent of the absolute field strength in the center.
We built two large square y-axis coils. They were attached
to the MSR walls as shown in Fig. 7(c) in order to test if the
coils could be permanently hidden behind the internal lining
in future. This kind of built-in coil could provide an improved
magnetic field homogeneity even though they are located at
only a few cm distance to the shielding material. Compared to
the Helmholtz coil used before, this built-in coil set would ex-
pand the applicable space of the chamber and save time spent
in assembling and disassembling the Helmholtz coil system
every time measurements with additional magnetic fields are
performed. The side length of the square coils was Lcoil = 2.75
m and the distance d between the two coils is the parameter to
be optimized. A single coil consists of 8 turns in series, and
in total the coil set had a resistance of 18.8 Ω.
In order to find the optimal distance d of the coil we first
applied the three-step method to obtain the uniformity U as a
function of the distance d in the range of 1.25 m to 1.45 m,
shown as the light blue curve in Fig. 9(a). Within 15 minutes
of CPU time, we obtained an optimal value of d = 1.35 m.
A following FEM simulation was carried out in a narrower
range (1.32 m, 1.39 m), shown as the dark blue dashed curve
in Fig. 9(a). After 20 hours of CPU time the optimal distance
using repetitive FEM calculations differs by less than 1 mm
from the value acquired by the three-step model. The three-
step model is not able to reproduce the sharp resonance-like
increase of U obtained from the FEM calculation. The main
reason is that the reaction factor curve η in such a small region
of 5 cm is uncertain as η is obtained in a FEM model with a
tube height over 30 m, leading to a coarse mesh. This uncer-
tainty is also responsible for the unsmooth curve obtained by
the three-step model in Fig. 8. Fig. 9(a) shows that the posi-
tion of the coil is critical and should be adjustable around the
optimum position.
The coil pair for the experimental confirmation was set up
with a distance of d = 1.35 m ± 0.02 m. A current of 0.42 A
through the coil pair generated a magnetic field of 2.7 µT in
the center, measured with a fluxgate MAG-03 from Barting-
ton Instruments. Before the current was switched on, we mea-
sured the remanent field along the y-axis, shown as the grey
dotted line in Fig. 9(b). This measured remanent field with a
gradient around 3 pT/cm was subtracted from the measured
field when the current to the coils was on. Before each mea-
surement, the BMSR-2 was degaussed in order to reduce the
remanent field of the shield42, providing reproducible starting
conditions after the change of the spacing distance between
the coils.
The measured residual-field-corrected curve of the coil in
a 9 cm range is shown for three coil distances d in Fig. 9(b).
The curve with d = 1.35 m (blue) corresponds to the expected
optimum. To validate the expected strong dependency on the
distance, the measurement was repeated for d = 1.32 m and
d = 1.38 m. The mechanical accuracy in the alignment of
the provisional setup of the coil leads to the observed shift
of the field extremum away from y = 0. This shift is differ-
ent each time the coil distance is changed. To compare the
measurements always a 5 cm regions starting from the ex-
tremum was chosen. The limited mechanical accuracy of the
temporary setup also worsens also the homogeneity so that
we expect to underestimate the possible improvement. Even
for the final coil setup with a higher mechanical accuracy an
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FIG. 9. Comparison of the three-step model, FEM simulation and
experimental results. (a) The uniformity U as a function of the dis-
tance d. (b) The measured magnetic field change along the y-axis for
three d values and the remanent magnetic field. The field amplitude
in the center generated by the coil pair with d =1.35 m is 2.7 µT.
adjustment of the experiment to the location of the most ho-
mogenous magnetic field is possible. For the blue curve, the
most uniform 5 cm wide region is from -1.6 cm (where the
field is strongest) to 3.4 cm with a field change of only 18 pT.
This is a relative change of 6 ppm in relation to the maximal
field strength of 2.7 µT, which is 5.4 times smaller than that of
the previously used circular Helmholtz coil. Comparing the
results for the three distances, Fig. 9(b) confirms that the field
homogeneity around the optimal value close to d = 1.35 m de-
teriorates fast. A shift of 3 cm to 1.32 m or 1.38 m increases
the field change in a 5 cm region starting from the extremum
from 18 pT to 114 pT or 190 pT. The change from a maxi-
mum field strength for d = 1.38 m to a local minimum field
strength for d = 1.32 m is a known behavior for such a coil
arrangement. In our temporary setup it was difficult to move
the coils and to align them in parallel, leading to an additional
shift of the position of the field extremum as seen in Fig. 9(b).
The gradient of the d = 1.35 m curve is already close to the
gradient of the residual field (remanence). It is unclear if the
residual field contribution is unchanged on this level when the
coil is turned on and the inner layer of the shield is degaussed.
We subtracted the residual field even though the raw data show
a more homogeneous field.
By designing a larger and optimized coil set, we signifi-
cantly improved the uniformity of the coil field, compared to
the circular Helmholtz coil. Another advantage of the square
coil prototype is that a noise peak at 4 Hz due to vibrations
disappeared because the coils were attached to the walls. Note
9that the distance between the cables and the MSR walls is only
a few cm. Close to the cables the shielding material is exposed
to strong fields. It even could reach saturation. Therefore, µr
will decrease near the cables, leading to a reduction of the
shielding factor. It was measured that when the coil pair is on,
the low-frequency shielding factor of the BMSR-2 decreases
by around 5%. For the 129Xe-EDM experiment this is accept-
able.
VIII. CONCLUSIONS
The proposed three-step model takes into account the im-
pact of a finite-thickness and finite-permeability magnetic
shield on the field generated by internal coils. To deal with
the finite-thickness plates parallel to the coil, we developed an
improved mirror method as an extension of the classical im-
ages method. The three-step model is significantly faster than
a pure FEM analysis with still reasonable accuracy, which is
important for optimizing coil spacings.
The three-step model was verified with the FEM calculation
for a square coil pair inside an MSR. In this case the relative
error of the three-step model on the magnetic field strength is
in the order of the expected 0.1% accuracy of the FEM calcu-
lation used as benchmark. We applied the model to calculate
the change of the magnetic field created by a 1.6-m-diameter
circular Helmholtz coil inside BMSR-2 and obtained a result
consistent with the measurement data.
As an example of coil optimization, the optimal distance
between two square coils for the best homogeneity in a de-
fined region along the central axis was calculated. We built a
coil prototype of 2.75 m in side length attached to the BMSR-
2 walls. The optimal distance was rapidly estimated by the
three-step model and verified by FEM calculation as well as
by experiment. The experimental result of the prototype coil
shows that the optimum distance could be predicted within
the geometric uncertainty of the setup. The maximal change
of the magnetic field is 18 pT over a 5 cm region near the cen-
ter at the field strength of 2.7 µT, corresponding to a relative
field change of 6 ppm. This is more than a factor of 5 smaller
than the value measured for the previously used Helmholtz
coil. Due to this result we have already optimized a built-in
coil set with four square coils with the three-step method. This
coil system will be installed inside BMSR-2 during a planned
upgrade with a new innermost shielding layer.
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